This paper deals with the existence of infinitely many solutions for a class of impulsive fractional boundary value problems with p-Laplacian. Based on a variant fountain theorem, the existence of infinitely many nontrivial high or small energy solutions is obtained. In addition, two examples are worked out to illustrate the effectiveness of the main results.
Introduction
Consider the following nonlinear impulsive fractional boundary value problem (BVP, for short): f : [0, T] × R → R and I j : R → R are continuous. Fractional differential equations have gained importance because of their numerous applications in various fields such as chemical physics, neural network model, signal processing and control, mechanics and engineering, fractal theory, and so on. For details, see [1] [2] [3] [4] [5] and the references therein. Recently, the existence and multiplicity of solutions for nonlinear fractional differential equations have been studied extensively by using the theory of coincidence degree, some fixed point theorems, upper-lower solution method, monotone iterative method, etc. [6] [7] [8] [9] . It should be noted that the critical point theory and variational methods have proved to be a very effective approach in dealing with the existence and multiple solutions for fractional boundary value problems, see [10] [11] [12] [13] [14] [15] [16] [17] .
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On the other hand, the impulsive differential equation is used to describe the dynamics of processes in which sudden, discontinuous jumps occur. It has numerous applications in many fields such as population dynamics, ecology, optimal control, economics, and so on. For details, see [18] [19] [20] [21] and the references therein. Recently, many authors have studied the existence of solutions for impulsive fractional boundary value problem by using variational methods and critical point theory, see [22] [23] [24] [25] [26] [27] [28] [29] [30] .
For example, Heidarkhani et al. [26] and [28] studied the following impulsive nonlinear fractional boundary value problem:
Based on variational methods and critical point theory, they obtained the existence results of infinitely many classical solutions and three solutions for problem (1.2). In particular, Rodríguez-López and Tersian [22] established one and three solutions for problem (1.2) when h(u(t)) ≡ 0. In [25] , Heidarkhani and Salari obtained the existence of two and three weak solutions for a class of nonlinear impulsive fractional systems by applying variational methods.
Furthermore, the p-Laplacian often occurs in non-Newtonian fluid theory, nonlinear elastic mechanics, and so on. So, the impulsive fractional boundary value problem with pLaplacian is worth considering. For instance, in [31] , basing on the mountain pass theorem and minimax methods, the existence of multiple solutions for BVP(1.1) is obtained.
To the best of our knowledge, there are fewer results on the existence and multiplicity of solutions for impulsive fractional boundary value problem with p-Laplacian. Inspired by the above references, we apply variant fountain theorems to study the existence of infinitely many small or high energy solutions for BVP (1.1). The main new features presented in this paper are as follows. Firstly, the main results of this paper are different from those in the aforementioned references, and extend the results obtained in [31] . Secondly, the main tool of this paper is variant fountain theorems, which is different from the aforementioned papers. Thirdly, the assumed conditions in this paper are easier to verify than those in [31] . Finally, two examples are worked out to demonstrate the effectiveness of our results.
For convenience, we list the following assumptions. (H 1 ) I j (u) (j = 1, 2, . . . , m) are odd about u and satisfy
Here are our main results. 
The rest of this paper is organized as follows. Section 2 contains some preliminary results. In Sect. 3, we apply variant fountain theorems to prove the existence of infinitely many small or high energy solutions for BVP (1.1). In Sect. 4, two examples are presented to illustrate the main results.
Preliminaries
To obtain multiple solutions for BVP (1.1) , it is necessary to introduce several definitions and preliminary lemmas which are used further in this paper.
Let 
while the right-hand side is pointwise defined on [a, b]. 
In particular, when α = 1, we have c D
Denote 
0 is a reflexive and separable Banach space.
, and
In addition, for
Remark 2.8 According to Lemma 2.7, it is easy to see that the norm of E α,p 0 defined in (2.1) is equivalent to the following norm:
In the following, we denote
Definition 2.10 A function
u ∈ u ∈ AC[0, T] : t j+1 t j c D α 0 + u(t) p + u(t) p dt < ∞, j = 0, 1, . . . , m is called a classical solution of BVP (1.1) if (1) u satisfies (1.1). (2) The limits D α-1 T - p ( c D α 0 + u)(t + j ), D α-1 T - p ( c D α 0 + u)(t - j ) exist.
Definition 2.11 A function u ∈ E is a weak solution of BVP (1.1) if
T 0 c D α 0 + u(t) p-2 c D α 0 + u(t) c D α 0 + v(t) dt + T 0
u(t) p-2 u(t)v(t) dt
The energy functional J : E → R associated with BVP (1.1) is defined by
It is easy to see that J ∈ C 1 (E, R), and
Moreover, the critical points of J correspond to the weak solutions of BVP (1.1).
Lemma 2.12 ([31]) If u ∈ E is a weak solution of BVP (1.1), then u is a classical solution of BVP (1.1).
To prove our main results, we need the following two variant fountain theorems in [33] . Let X be a Banach space with the norm · and X = j∈N X j with dim X j < ∞ for each
Consider a family of C 1 functionals J λ : X → R defined by
where A, B : X → R are two functions.
Lemma 2.13 ([33])
Assume that the functional J λ defined above satisfies: (B 1 ) J λ maps bounded sets into bounded sets uniformly for λ ∈ [1, 2] , and
and
Then there exist λ n → 1, u n (λ n ) ∈ W n such that
In particular, if {u(λ n )} has a convergent subsequence for every k, then J 1 has infinitely many nontrivial critical points
Lemma 2.14 ( [33] ) Assume that the functional J λ defined above satisfies (A 1 ) J λ maps bounded sets into bounded sets uniformly for λ ∈ [1, 2] , and
As E is a separable and reflexive Banach space, then there exist
In order to apply Lemma 2.13 and Lemma 2.14 to prove the existence of infinitely many solutions of BVP (1.1), we define A, B, and J λ on a fractional derivative space E by
Proof of the main results
In order to complete the proof of our main results, it is necessary to give the following two lemmas. Because of using similar arguments to the proofs of Lemma 3.2 and Lemma 3.5 in [15] , we omit the proving processes for convenience.
Lemma 3.1 Let H be any finite dimensional subspace of E. Then there exists a constant
Now we are ready to prove Theorem 1.1 and Theorem 1.2.
Proof of Theorem 1.1 By (F 1 ) and (F 3 ), for ∀ε > 0, there exists δ ε > 0 such that
Combining (3.2), (H 2 ), and Lemma 2.7, it is easily seen that J λ maps bounded sets into bounded sets uniformly for λ ∈ [1, 2]. It follows from (H 1 ) and (
Thus, condition (B 1 ) holds. Next, we verify condition (B 2 ). According to (F 4 ), B(u) ≥ 0 is obvious. By (F 2 ), there exists M > 0 such that
Assume that H is a finite dimensional subspace of E. According to Lemma 3.1, there exists ε 0 > 0 such that (3.1) holds. Then
where
, by (3.3), we get
This means that B(u) → ∞ as u → ∞ on any finite dimensional subspace. Hence, condition (B 2 ) holds.
In the end, we claim that condition (B 3 ) holds.
For u ∈ Z k , by (3.2), Hölder's inequality, and (H 1 ), we have
where we choose ε = 1 2p
. According to the definition of α r (k) in Lemma 3.2, we have
Hence,
In addition, for λ ∈ [1, 2] and u ∈ Z k with u ≤ ρ k , we have
By (F 1 )-(F 3 ), we have
If u ∈ W k , by the equivalence of any norm in a finite dimensional space, (3.4), (H 2 ), Lemma 2.7, and Hölder's inequality, we get
Choose r k > 0 small enough and r k < ρ k such that
This guarantees that condition (B 3 ) holds. Consequently, by Lemma 2.13, for every k ∈ N, there exist λ n → 1, u n (λ n ) ∈ W n such that
For simplicity, denote u(λ n ) by u n . Now we show that {u n } has a strong convergent subsequence for every k ∈ N. In fact, by (3. This means that {u n } is bounded in E. Without loss of generality, we may assume u n u in E. Since {e j } is a completely orthonormal basis of E, W n = L(e 1 , e 2 , . . . , e n ), u = ∞ j=1 (e j , u)e j . Let P n : E → W n be the orthogonal projection operator. We know that P n u = n j=1 (e j , u)e j and P n u → u in E as n → ∞. Therefore u n -P n u 0 in E as n → ∞. Moreover, it follows from J 1 (u) ∈ E * that J 1 (u), u n -P n u → 0, n → ∞. Also, since J 1 ∈ C(E → E * ) and P n u → u in E, we have
Therefore, by (3.5) and (3.6), we get J 1 (P n u), u n -P n u → 0, n → ∞. (3.7)
Note that P n u n = u n and (J λ n (P n u n ), P n (u n -u)) = 0 since u n ∈ W n and J λ n | W n (u n ) = 0. By the continuity of f , I j , and Lemma 2.9, it is easily seen that λ n T 0 f (t, u n )(u n -P n u) dt → 0, n → ∞.
T 0 f (t, P n u)(u n -P n u) dt → 0, n → ∞. I j u n (t j ) -I j P n u(t j ) u n (t j ) -P n u(t j ) → 0, n → ∞. u n (t) p-2 u n -P n u(t) p-2 P n u(t) u n (t) -P n u(t) dt.
where M 2 = 2
